We present results for the top quark pair cross section at the Tevatron and the LHC. We use the resummed double differential cross section, employing the fully kinematicsdependent soft anomalous dimension matrices, to calculate the soft-gluon contributions at next-to-next-to-leading order (NNLO). We improve and update our previous estimates by refining our methods, including further subleading terms, and employing the most recent parton distribution function sets. The NNLO soft corrections significantly enhance the NLO cross section while considerably reducing the scale dependence. We provide a detailed discussion of all theoretical uncertainties in our calculation, including kinematics, scale, and parton distributions uncertainties and clarify the differences between our work and other approaches in the literature.
Introduction
The top quark holds a special place in the Standard Model of particle physics as the heaviest elementary particle. Since the discovery of the top quark via tt production in proton-antiproton collisions at the Tevatron [1] its mass [2] and production cross section [3, 4] have been determined with increasing accuracy. There is also now evidence for single-top production at the Tevatron [5] . At the LHC, both the tt and single top production cross sections will be two orders of magnitude higher than at the Tevatron. For recent reviews of top quark physics in hadron colliders see [6] .
The top quark cross section receives large corrections from soft-gluon contributions near threshold which can be formally resummed. The resummation at next-to-leading logarithmic (NLL) accuracy for hard scattering cross sections and, in particular, top quark pair production was performed in Ref. [7] . (For recent results on single top production, see Ref. [8] ). To achieve such accuracy, it is necessary to derive the soft anomalous dimension matrix, which controls noncollinear soft-gluon emission, to one loop. At NLL the color structure of the hard scattering enters in a non-trivial way and each partonic process has to be treated separately. The soft anomalous dimension matrix is dependent on all the kinematical variables. Thus this is a fully differential calculation which can be applied to total cross sections as well as to differential cross sections, such as transverse momentum and rapidity distributions.
Later, another formalism [9] was proposed for the total cross section only. This calculationally simpler approach does not, however, involve the exact differential kinematics and instead makes the approximation that the NNLO and NLO rapidity dependence is the same. Hence, numerical deviations from the exact kinematics-sensitive result can appear. (For a detailed discussion and a numerical comparison in the context of direct photon production, see Ref. [10] ).
In Refs. [7, 9] , the resummation is performed in moment space. Since the expression for the resummed cross section diverges at the Landau pole, a prescription is needed to define the physical resummed cross section when inverting from moment to momentum space. Alternatively, to avoid prescription dependence, the resummed cross section can be expanded to NNLO or higher orders.
The formalism of Ref. [7] was used in detailed phenomenological studies [11, 12] where NNLO expansions were provided at NNLL accuracy, after matching with the complete NLO cross section. Results were provided in both single-particle-inclusive (1PI) and pair-invariantmass (PIM) kinematics. The kinematics ambiguity was found to be an important source of uncertainty. In 1PI kinematics the soft logarithms are of the form [ln k (s 4 /m 2 )/s 4 ] + with m the top quark mass and s 4 the sum of the Mandelstam invariants, s 4 = s + t 1 + u 1 . Near threshold, s 4 → 0. The soft-gluon corrections to the double differential cross section, d
2 σ/(dt 1 du 1 ), were calculated. In PIM kinematics, the soft logarithms are of the form [ln
2 /s, where M 2 is the tt pair mass squared. Near threshold, z → 1. The soft gluon corrections to the double differential cross section, d
2 σ/(dM 2 d cos θ), where θ is the scattering angle in the partonic center-of-mass frame, were calculated. The cross section in PIM kinematics was found to be smaller than the 1PI result. The difference, an uncertainty due to uncalculated terms, was found to be larger than the scale variation. In Ref. [12] , results were also given for the exact scale variation at NNLO. The magnitude of this variation was also found to depend on the kinematics.
The formalism of Ref. [9] was also used to derive NLL resummed numerical results (recently updated [13] ) for top pair production at the Tevatron and LHC. The corrections beyond NNLO are negligible [9] (also shown to be small in Ref. [14] ); hence the resummed cross section is numerically very similar to the NNLO expansion at the given logarithmic accuracy. However, a minimal prescription was used to define the resummed cross section in Ref. [9] and, as shown in Ref. [11] , the differences in the prescription formalism, as well as the treatment of the kinematics, are much bigger than higher order terms at NNNLO and beyond. Hence the results of Ref. [9] are quite different from Refs. [11, 12] , both theoretically and numerically.
The approach in Refs. [11, 12] was later improved by adding NNNLL terms at NNLO [15] . Although the complete NNNLL terms require calculation of the two-loop soft anomalous dimension matrix, it was clearly demonstrated [15] that the contribution of this matrix at two loops is expected to be negligible. Thus it is possible to obtain an effective NNNLL calculation by including all other terms. The ζ terms arising from the inversion to momentum space (including some ζ virtual terms) are dominant, as shown by expressing the partonic cross sections in terms of scaling functions that depend on the variable η = s/(4m 2 ) − 1 and comparing the 1PI and PIM scaling functions over a large range of η. Since a complete NNLO calculation should be independent of the kinematics, the difference between the 1PI and PIM results as a function of η is an indication of the unknown terms. Away from threshold, hard gluon terms contribute. Since their form is also kinematics dependent it is inevitable that, as one moves away from the threshold region, the 1PI and PIM results diverge. However, near threshold the soft gluons dominate and thus a complete calculation of the soft terms should produce agreement between the 1PI and PIM scaling functions. At NNLL, the 1PI and PIM functions diverge already at threshold [12] , indicating that the NNNLL terms are non-negligible. However, when the NNNLL terms were added [15] , this discrepancy disappeared, as one would expect when all NNLO soft terms are included. Thus the contribution of the unknown twoloop soft-anomalous-dimension terms that were left out is negligible and we obtain an excellent approximation to the complete NNNLL terms and an effective NNNLL calculation, denoted NNLO-NNNLL+ζ in Ref. [15] .
Recently the two-loop soft anomalous dimension for massless quark scattering was completed [16] . (Work is in progress for heavy quark production [17] .) It was shown [16] that the two-loop soft anomalous dimension is simply the one-loop result multiplied by half the two-loop quantity K [18] . Assuming that this relation also holds for heavy quarks, consistent with the two-loop results in Ref. [19] , the contribution of this additional two-loop term to the total cross section is less than 1 per mille at both the Tevatron and LHC energies. It is thus insignificant relative to the size of other terms and sources of uncertainty, as expected [15] , verifying the robustness of the calculation in Ref. [15] .
A very recent paper [19] uses the general approach of Ref. [9] , extending the results of Ref. [9] by adding the NNLL terms in the resummed expression. A NNLO expansion in powers of ln β, where β = 1 − 4m 2 /s, is also presented in Ref. [19] . An additional two-loop term is also included, a rough analog of the two-loop soft anomalous dimension term in the formalism of Refs. [7, 16, 17] . This two-loop term is again given by the one-loop result multiplied by the two-loop quantity K [18] , analogous to the result of Ref. [16] . We have investigated the contribution of this two-loop term within the approach of Ref. [19] and find it to be numerically negligible, on the order of a few per mille, consistent with the study mentioned previously and again verifying that this two-loop contribution is numerically insignificant. Since [19] uses the formalism and approximation of Ref. [9] , their results differ from ours for the reasons explained earlier. We use exact kinematics in a double differential cross section and define partonic threshold through the quantities s 4 or z, depending on the kinematics choice, while Ref. [19] defines threshold at the total cross section level only in terms of β.
We also note that the authors of Ref. [19] use the exact scale dependence of the NNLO cross section, finding a smaller scale dependence than in Refs. [9, 13] . The exact NNLO scale dependence was first calculated in Ref. [12] and shown to crucially depend on the kinematics choice (1PI or PIM). Hence the scale variation in Refs. [9, 19] cannot be directly compared with that of Ref. [12] or the present paper.
We also find it more consistent to use the same level of accuracy for the scale-dependent terms as for the other terms in the calculation, also chosen for the final results in Refs. [12, 15] . We obtain a smaller scale dependence at the Tevatron than Ref. [19] but a larger one at the LHC. In our approach, the kinematics ambiguity is bigger than the scale variation at the Tevatron but smaller at the LHC. The results in Refs. [9, 13, 19] do not have a kinematics uncertainty because their approximation is insensitive to the kinematics choice. Therefore the scale dependence in those approaches, in particular the small scale uncertainty at the LHC of Ref. [19] , is not necessarily indicative of the true theoretical uncertainty in the cross section.
In Ref. [19] subleading Coulomb terms, calculated in [20] , were included in the numerical results. In Ref. [15] some, but not all, of these terms were included. We find that these additional contributions are completely negligible at the Tevatron, and make a very small contribution, included in our new results, at the LHC.
In this paper, we present detailed results for the top quark cross section at the Tevatron and the LHC. We primarily use the theoretical approach of Ref. [15] with some changes and refinements, described in the text, along with the newest available parton distribution functions (PDFs). We also provide a detailed study of theoretical uncertainties including kinematics, scale, and PDF uncertainties, as well as a discussion of other sources. In Section 2 we provide results for the tt production cross section in pp collisions at the Tevatron at √ S = 1.96 TeV. In Section 3 we give the tt production cross section in pp collisions at the LHC at √ S = 14 TeV as well as a prediction for 10 TeV.
The top quark cross section at the Tevatron
We begin with tt production at the Tevatron at √ S = 1.96 TeV. The leading-order partonic processes are→ tt and gg → tt. In pp collisions at the Tevatron, thechannel is dominant. In addition to corrections to the LO processes, at NLO there are small contributions from two additional processes, qg andqg.
We first calculate the NLO cross section [21] , including all channels. We then add the NNLO soft-gluon corrections in theand gg channels to the NLO result. We calculate the soft-gluon corrections in both 1PI and PIM kinematics. We find that the behavior of the→ tt and gg → tt contributions is quite different. Thechannel, with only one diagram at LO, is well behaved in both kinematics. The gg channel is, however, better treated in 1PI kinematics because the three LO gg → tt diagrams favor 1PI kinematics. In addition, in PIM kinematics the one-loop expansion of the resummed gg cross section is very different from the exact NLO result while the 1PI expansion of the gg contribution is an excellent approximation to the exact NLO result at both the Tevatron and the LHC. Therefore, for our best prediction of the NNLO corrections, we take the average of the 1PI and PIMsoft-gluon corrections and add it to the 1PI gg soft-gluon result. This is a refinement of our previous method [15] where we averaged the 1PI and PIM results from both channels. Our new approach results in a slightly larger total cross section with a somewhat reduced kinematics uncertainty at the Tevatron than in Ref. [15] . As discussed in the Introduction, the effect of the two-loop soft anomalous dimension matrix and further subleading Coulomb terms is negligible with no change on the results presented here.
We present two tables with NLO and approximate NNLO cross sections using the MRST 2006 NNLO [22] and CTEQ6.6M [23] parton densities. While the NNLO approximate cross section is of the same logarithmic accuracy as the NNLO-NNNLL+ζ cross section of Ref. [15] , they differ slightly because of the changes and refinements discussed above. All the results are in the MS scheme. Table 1 provides the pp → tt cross section for 165 < m < 180 GeV, in 1 GeV increments calculated with the MRST 2006 NNLO PDFs. We give both the exact NLO and the approximate NNLO cross sections. The central values are calculated with the factorization scale, µ F , and the renormalization scale, µ R , set equal to the top quark mass, µ F = µ R = µ = m, using the central MRST 2006 NNLO PDF.
In addition to the central value of the NLO cross section, we also provide uncertainties due to the scale and PDF variations. The scale is varied over m/2 < µ < 2m. Varying the scale by a factor of two around µ = m is a standard but arbitrary way to estimate uncertainties from higher-order terms. The + (−) indicates the difference between the calculation with µ = m/2 (µ = 2m) and the central value with µ = m. The PDF uncertainty, calculated using the 30 different MRST 2006 NNLO eigensets, is relatively large, reflecting the uncertainty in the large x region of the PDFs.
The central value of the NNLO approximate cross section is followed by the kinematics uncertainty, the scale variation and the PDF uncertainty. The NNLO scale and PDF uncertainties are obtained the same way as for the NLO cross section. The kinematics uncertainty resides in the treatment of thechannel because the gg channel is only calculated in 1PI kinematics. The central value is obtained from the average of the 1PI and PIMcalculations. The + kinematics uncertainty is the found by taking the 1PIresult alone while the − results uses the PIMcalculation. The kinematics uncertainty is symmetric becuase the centralcontribution is the average of the 1PI and PIM results.
At NLO, the scale variation is significant. When the NNLO corrections are added, the scale dependence on the scale decreases dramatically. However, the kinematics uncertainty is larger than the scale variation. The PDF uncertainty is also significant at NLO and NNLO, of the same order as the kinematics dependence at NNLO. Table 2 provides the tt cross section for 165 < m < 180 GeV, in 1 GeV increments, using the CTEQ6.6M NLO PDFs. As in Table 1 , we list both the exact NLO and our approximate NNLO cross sections together with all uncertainties. The central values, again shown with µ F = µ R = µ = m, employ the central CTEQ6.6M PDFs.
The scale variation is calculated as described above for the MRST 2006 NNLO PDFs. In the case of the NNLO approximate cross section, the NNLO results at both ends of the scale range, µ = m/2 and 2m, are lower than with µ = m, indicated by the double minus signs on the scale uncertainty. The PDF uncertainty is calculated using the 44 different CTEQ6.6M eigensets.
The two sets of results are quite different. The cross sections calculated with CTEQ6.6M are smaller than those with the central MRST 2006 NNLO set but have larger PDF uncertainties. Indeed, the CTEQ6.6M NNLO approximate cross sections are quite similar to the NLO cross section calculated with the MRST 2006 NNLO PDFs. Part of the difference can be attributed to the fact that the MRST 2006 NNLO sets are of the same order as the NNLO approximate calculation while the CTEQ6.6M sets are NLO. Furthermore, the CTEQ6.6M large-x gluon distribution is smaller, reducing the relative gg contribution.
The best way to combine the uncertainties is not obvious. The most conservative approach would be to add them linearly. However the kinematics and scale uncertainties both reflect the neglect of uknown terms. Thus a linear combination of the uncertainties likely provides an overestimate of the overall uncertainty and we instead prefer to add them in quadrature.
We present the NNLO approximate cross section for the current most likely value of the top CTEQ6.6M Mass σ(NLO ± scale σ(NNLO approx ± kinematics (GeV) ± PDF) (pb) ± scale ± PDF) (pb) Table 2 : The tt production cross section in pp collisions at the Tevatron with √ S = 1.96 TeV using the CTEQ6.6M PDFs. The exact NLO results are shown with the scale and PDF uncertainties while the approximate NNLO results include kinematics, scale, and PDF uncertainties. quark mass, m = 172 GeV for both sets of PDFs. We first give the central result from Tables 1  and 2 We have not included further theoretical ambiguities arising from the choice of equivalent analytical expressions near threshold or from damping factors [12] as well as from the virtual ζ terms discussed in Ref. [15] . Such ambiguities are partly accounted for in the kinematics and scale uncertainties shown here. In Fig. 2 , we present the K factors at the Tevatron using the MRST 2006 NNLO (left) and CTEQ6.6M (right) PDFs with our central value, µ = m. The K factors are virtually independent of the PDF although the CTEQ6.6M K factors appear slightly smaller. They are also independent of the top quark mass. The ratios of the approximate NNLO cross sections to the exact LO and NLO cross sections are both given. The NNLO corrections enhance the NLO tt cross section by ∼ 6% at µ = m.
The top quark cross section at the LHC
We now turn to tt production in pp collisions at the LHC. While our results are primarily shown for √ S = 14 TeV, we also provide predictions for the top quark cross section at the LHC start-up energy of 10 TeV. We note that at the LHC, the gg channel is dominant. Table 3 The NLO cross section is shown with the uncertainties due to the scale variation and the choice of PDF eigenset. As before, we vary the scale between µ = m/2 and 2m and the PDF uncertainty is calculated using the 30 different MRST 2006 NNLO eigensets.
The central value of the NNLO approximate cross section is accompanied by uncertainties due to the kinematics, the scale variation and the choice of PDF. Again, the central value of the approximate NNLOcontribution if the average of the 1PI and PIM kinematics choice. The + (−) kinematics uncertainty is the difference between the top cross section with thecontribution calculated in 1PI (PIM) kinematics. At NLO the scale variation is large. When the NNLO corrections are added the dependence on the scale decreases significantly. Now the kinematics uncertainty is much smaller than that due to the scale variation. This is because we only use 1PI kinematics for the gg channel, dominant for pp collisions at this energy. Thus the kinematics uncertainty is only due to the change in thecalculation. The PDF uncertainty is smaller at the LHC since x is relatively small, in a range where the PDFs are better known.
In Table 4 , we present the corresponding top cross sections with the CTEQ6.6M NLO PDFs. The CTEQ6.6M results are again smaller than those with the MRST 2006 NNLO sets. While the PDF uncertainty is smaller at the LHC, the CTEQ6.6 uncertainty is still larger than those with MRST 2006 NNLO.
We now present our predicted NNLO approximate cross section for top production in pp collisions at √ S = 14 TeV with m = 172 GeV. The results are again given both with the separate uncertainties, as in Tables 3 and 4 MRST 2006 NNLO Mass σ(NLO ± scale σ(NNLO approx ± kinematics (GeV) ± PDF) (pb) ± scale ± PDF) (pb) 165 1089 the mass dependence at the LHC is smaller than at the Tevatron since we are further from production threshold here.
In Fig. 4 , we show the LHC K factors as a function of mass for our central (µ = m) cross sections calculated with the MRST 2006 NNLO (left) and CTEQ6.6M (right) PDFs. The LHC K factors are larger than those shown in Fig. 2 . They are almost identical for the two sets and are virtually independent of mass. The approximate NNLO cross section is ∼ 8% larger than the NLO cross section.
Finally, we provide predictions for the initial LHC run at √ S = 10 TeV with m = 172 GeV. Using the MRST 2006 NNLO PDFs, the exact NLO cross section is 414 ± 52 ± 8 pb while the NNLO approximate cross section is CTEQ6.6M Mass σ(NLO ± scale σ(NNLO approx ± kinematics (GeV) ± PDF) (pb) ± scale ± PDF) (pb) 165 1035 Table 4 : The tt production cross section in pp collisions at the LHC with √ S = 14 TeV using the CTEQ6.6M PDFs. The exact NLO results are shown with scale and PDF uncertainties while the approximate NNLO results include kinematics, scale, and PDF uncertainties.
Conclusions
We have studied top quark production at the Tevatron and the LHC. Our work is the only calculation that employs full kinematics in the double differential cross section beyond NLL using the soft anomalous dimension matrix. We presented detailed results for the exact NLO and approximate NNLO tt cross sections at the Tevatron and the LHC for a wide range of top quark masses using the MRST 2006 NNLO and the CTEQ6.6M PDFs. The approximate NNLO corrections include soft-gluon contributions which significantly enhance the cross section. We find that further two-loop soft gluon contributions are expected to be negligible. We also included subleading Coulomb contributions and found them negligible at the Tevatron and very small at the LHC.
We provided detailed results for the theoretical uncertainties, including the kinematics ambiguity, scale variation, and PDF uncertainties. We found that the NNLO scale uncertainty is drastically reduced relative to NLO at the Tevatron where the kinematics uncertainty is larger. The PDF uncertainty is quite significant, especially for the CTEQ6.6M PDFs. At the LHC, the kinematics ambiguity is small. The NNLO scale variation is larger despite being significantly smaller than at NLO. The PDF uncertainty is smaller at the LHC than at the Tevatron. The results using the MRST 2006 NNLO and CTEQ6.6M PDFs are quite different from each other at both Tevatron and LHC energies.
Ongoing work with two-loop soft anomalous dimensions in the eikonal approximation [17] and recent analytical two-loop pieces of the NNLO corrections [24] promise further progress in the future.
